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- - - microdifferential operator WKB
([AKKT2], [AKKTI] ) , Berk-Book ,
. , Berk-Book
, .





(3) $V( \frac{1}{\eta i}\frac{d}{dx})\psi=\gamma^{2}e^{x^{2}}\psi$
($\gamma>0$ , $\eta>0$ ) . ,
(3)
(4) $\int\check{V}(x -x’)\psi(x’)dx’=\gamma^{2}e^{x^{2}}\psi$
Berk-Book . $\check{V}(x)=\int e^{i\eta x\zeta}V(\zeta)\eta d\zeta$ $V$ (\mbox{\boldmath $\zeta$}) Fourier




[AKKT2] , (3) WKB microdifferential equation
,
(5) $\psi=\exp(i\eta\int^{x}\zeta$ (x
$’$ ) dx$’$) $\sum_{n=0}^{\infty}\psi_{n}(x)\eta^{-n}$
(“$\mathrm{W}\mathrm{K}\mathrm{B}$ ”) . , $\zeta(x)$ (3)
(6) $P(x, \zeta)\mathrm{d}\mathrm{e}\mathrm{f}=V(\zeta)-\gamma^{2}e^{x^{2}}=0$
, $\{\psi_{n}(x)\}_{n\geq 0}$ $\zeta(x)$ . WKB
$\zeta(x)$ , (3) WKB
,
(7) $\Lambda_{U}=\mathrm{d}\mathrm{e}\mathrm{f}$ $\{(x, z)|U(z)-\gamma^{2}e^{l^{2}}=0\}$
. , (3) $\Lambda_{U}$ (
(6) ,
(8) $P(x_{*}, \zeta_{*})=\frac{\partial P}{\partial\zeta}(x_{*}, \zeta_{*})=0$
$(x_{*}, \zeta_{*})(\zeta_{*}\neq 0)$ $x=x_{*}$ )
.
2 Berk-Book – $\Lambda_{U}$
$\Lambda_{U}$ , Berk-Book [BB]
.
$0<\gamma<1$ . ( .) Berk-Book
(3) ( )
, $\Lambda_{U}$ . , $U$ (z) $z>0$
1 . , $U(z)(z\in \mathbb{R})$ , $zarrow\infty,$ $|\arg z|<\pi/4$
(9) $e^{-z^{2}} \int_{0}^{z}e^{t^{2}}dt\sim\frac{1}{2z}+\frac{1}{4z^{3}}+\frac{3}{8z^{5}}+\frac{15}{16z^{7}}+\cdot\cdot 1$
(10) $U(z) \sim 1+\frac{3}{2z^{2}}+\cdots+\frac{(2n-1)!!}{2^{n-1}}\frac{1}{z^{2(\mathrm{n}-1)}}+\cdots$ , $zarrow+\infty$
. , (6) $\zeta(x)$
( $\Lambda_{U}$ ) , 2 .
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2: $0<\gamma<1$ $\Lambda_{U}$ ( $[\mathrm{B}\mathrm{B}$ , Fig.4(b) in p.656] )





2 $e^{x}$l $=1$ .
( , $\gamma=1/\sqrt{e}$ , $x_{B}=1$ .)
, 1 $x=x_{A}$ , (rank 2 )
. , (8) ,
(11) $\frac{\partial^{2}P}{\partial\zeta^{2}}(x_{*}, \zeta_{*}).\neq 0,$ $\frac{\partial P}{\partial x}(x_{*}, \zeta_{*})\neq 0$
150
$x_{*}=x_{A}$ ( $\zeta=\zeta_{*}$ ) . ( , [AKKT2]
, x=x (3) Airy .)
, 2 $x=x_{B}$ , ( $\zeta=\zeta(x_{B})$ $V$ (\mbox{\boldmath $\zeta$})
$\zeta=0$ ) . ,
(10) , $x=x_{B}$ ( )
(12) $\zeta$ (x)\sim Const. $(x-x_{B})^{1/2}$




WKB , . (3)
, $\Lambda_{U}$ , $x=x_{B}$ ,
, .
. 3 , (6) $\zeta(x)$ $z(x)=1/\zeta(x)$
, $x=x_{B}+re^{i\theta}(\theta\in \mathbb{R})$ $z$ (x)
$z$- . $r=0.1$ , $\theta=0$ $z$
$z(x_{B}+r)$ . 3 , $|\theta|$
3: $x=x_{B}+re^{\dot{\iota}\theta}$ ( $r=0.1$ ) $\text{ }$ $z$ (x)(7)
( , $|\theta|<0.45\pi(<\pi/2)$ )
151
, $z$ (x) $(x-x_{B})^{-1/2}$
. , $\theta--\pi/2$ ( $\arg z--\pi/4$ , (9)
) $z$ (x) ,
$z$ (x) $x=x_{B}$ , $\theta=0,$ $\pm 2\pi,$ $\pm 4\pi,$ $\cdots$
$z$ (x) . ,
.
1. $x_{B}$ $x$ (\neq xB) ,
(13) $U(z)-\gamma^{2}e^{x^{2}}=0$
$z=z_{n}$ $(n=1,2, . . .)$ , $narrow\infty$
.
(14) $|z_{n}|$ $\sqrt{2\pi n}$,
(15) $\arg z_{n}$ $- \frac{\pi}{4}+\frac{31\mathrm{o}\mathrm{g}(2\pi n)}{8\pi n}$ .
, $x_{B}$ .
4 , $x=x_{B}+re^{\dot{\iota}\theta}$ $z$ (x) , $r=0.066$ ( ),
$r=0.064$ ( ), $r=0.040$ ( ) . 4
$r=$ 0.066 $r=$ 0.064 $r=$ 0.040
4: $r$ $x=x_{B}+re^{i\theta}$ $z$ (x)
, $\{x|0.064<|x-x_{B}|<0.066\}$ 2
, $U$ (z) ,
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$x=x_{*}$ $x=\overline{x_{*}}$ . ,
2 $x_{1}$ $\overline{x_{1}}$ .
, 4 , $\{x|0.040<|x-x_{B}|<0.064\}$
2 $x_{2},$ $\overline{x_{2}}$ .
, .
2. $x_{B}$ . , $R$(x, $z$ ) $=P$(x, $1/z$ ) $=$
$U(z)-\gamma^{2}e$x2 , $(x_{n}, z_{n})(n\geq 1)$ .
(16) $R(x_{n}, z_{n})= \frac{\partial R}{\partial z}(x_{n}, z_{n})=0$,
(17) $\frac{\partial^{2}R}{\partial z^{2}}(x_{n}, z_{n})\neq 0$ , $\frac{\partial R}{\partial x}(x_{n}, z_{n})\neq 0$ ,
(18) $x_{n}\neq x_{B}$ , $x_{n}arrow x_{B}(narrow\infty)$ .
,
, . ,
$x_{1},$ $\overline{x_{1}},$ $x_{2},$ $\overline{x_{2}}$ , . 5 ,
, Stokes .




, 1, 2 .
153
4 1, 2
, “ ” .
(19) $\int_{0}^{z}e^{t^{2}}dt=$ $\int_{0}^{e^{-\pi i/4}\infty}e^{t^{2}}dt+\int_{e^{-\pi i/4}\infty}^{z}e^{t^{2}}dt$
(20) $- \frac{\sqrt{\pi}i}{2}+e^{z^{2}}(\frac{1}{2z}+\frac{1}{4z^{3}}+\cdot\cdot \mathrm{r})$ ,
,
(21) $e^{-z^{2}} \int_{0}^{z}e^{t^{2}}dt\sim-\frac{\sqrt{\pi}i}{2}e^{-z^{2}}+(\frac{1}{2z}+\frac{1}{4z^{3}}+\cdots)$
$|\arg z|<\pi/4,$ $zarrow\infty$ (21) 1 , Poincar\’e
, (9)
. , 3 1
, $\arg z$ $\pm\pi/4$ (21)
1 , 2 .
,
(22) $U(z)=-2z2+4z3e-z^{2} \int_{0}^{z}e^{t^{2}}dt\sim-2\sqrt{\pi}iz3e-z^{2}+1+\frac{3}{2z^{2}}+\cdot$ .




1. $k$ , $c$ ,
(24) $z^{k}e^{-z^{2}}=c$
$z=z_{n}$ $(n=1,2, . . .)$ , $narrow\infty$
.
(25) $|$z$n|$ $=$ $(2\pi n+\theta_{0})^{1/2}+O(n^{-3/2}(\log n)^{2})$ ,





1 , 1 Rouche’ .
, 2 ,
28) $\frac{\partial R}{\partial z}=\frac{dU}{dz}$ $=$ $(4z^{3}-4z)+(12z^{2}-8z^{4})e^{-z^{2}} \int_{0}^{z}e^{t^{2}}dt$
$\sim$ $\sqrt{\pi}i$(4z$4-6z^{2}$ ) $e^{-z^{2}}+ \frac{3}{z^{3}}+O(z^{-5})$





$(\partial R/\partial z)(z_{n})=0,$ $z_{n}arrow\infty,$ $\mathrm{a}$rg $z_{n}arrow-\pi/4(narrow\infty)$ $\{z_{n}\}$
. , $\{x_{n}\}$ $R$(f, $z_{n}$ ) $=0$ ,
$x_{n}arrow x_{B}$ , $(\partial^{2}R/\partial z^{2})(x_{n}, z\sim=(d^{2}U/dz^{2})(z_{n})\neq$
$0$ , . $(\partial R/\partial x)(x_{n}, z_{n})\neq 0$
, 2 .
, 1 , (24) $iz^{2}=re^{i\theta}(r\geq 0,0\leq\theta<2\pi)$
(30) $\{$
$r \sin\theta-\frac{k}{2}\log r=-$ log $r_{0}$
$r \cos\theta+\frac{k}{2}$ El $=2\pi n+\theta_{0}$ $(n\in \mathbb{Z})$
.
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